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Peripheral- Layer Viscosity and 
Microstructural Effects on the 
Capillary-Tissue Fluid Exchange 
R. P. MAURYA 
A theoretical investigation of a mathematical model for the capillary-tissue fluid 
exchange, including the characteristics and influence of the boundaries and media 
through which the fluid flows, has been studied. Filtration from the cylindrical 
capillary into the concentrically surroundmg tissue-space and flow from a capillary 
into the tissue across the thin mcmbranc arc analyzed in detail. It has been obscr- 
vcd that the filtration efficiency of the functional unit decreases as the peripheral- 
layer viscosity increases, and that contrary to the results of Apclblat, Kat- 
,Gv Kutchalsky and Silborberg (Ruwheolo~~ 2 (1974). I 49). the slip velocity plays 
dominant role on filtration efficiency. II is also noted that he tiltration etliciency 
decreases as the slip velocity at the porous boundary increases. 1 IYbS kadcmx 
Pree. Inc 
INTRODUCTION 
Movement of body fluids across membranes and through tissue com- 
partments is a basic physiological requirement. Mathematical analysis of 
these movements would be highly complex without the use of simplifying 
models and the assumptions about the microcirculation. The single- 
capillary model introduced in 1919 by Krogh [ 1 ] is the simplest one of this 
kind; it involves a straight capillary and a concentrically surrounding tissue 
mantle. Two additional features were added to Krough’s cylinder model by 
Blum [Z], who considered a finitely permeable or semipermeable capillary 
wall and a constant, a linear and a non-linear metabolic rate in the tissue 
space. The next attempt to modify Krogh’s cylinder model seems to have 
been that of Bailey [3]. In the first part of this paper he attempted to com- 
pare the linear and non-linear effects of the oxygen dissociation curve and a 
concentration-dependent metabolic rate for Krogh’s cylinder. However, he 
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assumed that the capillary concentration was known and that flow was 
uniform and steady. 
A different approach was considered by Levitt [4J. who considered dif- 
fusional and time-dependent interactions of adjaunt capillaries. Levitt was 
motivated by the observations of Fabel [5] on rabbit cardiac muscle and 
used the methods of Johnson [6] to reduce the spatial dimension of the 
model equations. He argued that his technique gives a model that is a bet- 
ter first approximation than Krogh’s cylinder model. 
With the development of numerical approximation techniques and the 
increasing availability of electronic digital computers several investigators 
became interested in the mathematical description of substrate supply to 
tissue. This interest centered on a more complete description of Krogh’s 
cylinder model as well as other model geometries. These extended systems 
described substrate movement from supplying arterioles to the capillaries 
by time-dependent flow with a non-linear kinetic reaction occurring in the 
capillary blood followed by diffusion within the capillary vessels. movement 
across a linitely permeable wall and finally movement into a tissue space. 
where it diffused and was bound or consumed. The metabolic functional 
dependence on substrate level could be zero order (constant ), first order 
(linear) or Michaelis-Mcntcn (non-linear). The work of Reneau r~f ul. in 
the period of 1966 to 1070 [ 7 IO] considered Krogh’s model and some 
generalizations. This work was followed or paralleled by several new 
modeling studies, including the steady-state models considered by Thews 
[I l] and Fernadez [ 121 and later studies of time-dependent effects by 
Fletcher [ I3 151. 
The recent information on the geometry and structure of microciculatory 
beds was collected by Groom [ 161. He discovered that each muscle is fiber 
surrounded by an average of 3 to 4 capillaries which generally run parallel 
to the fibers. The variety of the geometric positioning of the capillaries 
relative to the muscle fibers is consistent with Krogh’s cylinder concept. 
A detailed mathematical analysis of capillary-tissue fluid exchange was 
made by Apelblat, Katziv-Kutchalsky. and Silborberg [ 171. They con- 
sidered blood to be a Newtonian fluid and showed that the slip velocity at 
the boundary does not affect the liltration efficiency. There is much 
evidence in the literature to support the theory that blood is not a New- 
tonian fluid [ 18 -201. Bugliarello and Sevilla [21] proposed that either 
both two-region fluid models are Newtonian with different viscosities or 
that both are Casson’s fluid with different yield coefficients and yield 
stresses. Chaturani it ul. [22 231 studied two-region flow models by con- 
sidering a core-region fluid by non-Newtonian fluid (micropolar or couple 
stress) and peripheral layer by a Newtonian fluid. In these papers, they 
have taken the core-region viscosity to be independent of peripheral-layer 
viscosity, but on the basis of the theory of Suspensions the viscosity of the 
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peripheral-layer fluid must be identical to that of the suspending medium of 
the fluid representing the core-region. The fluid in the peripheral layer is 
displayed by all free fluid enclosing the main bulk biofluid. 
A number of studies of blood flow [24-301, both thcorctical and 
experimental, have suggested, some by implication while others outright. 
the likely presence of slip at the flow boundaries thus making the “no-slip” 
hypothesis one of uncertain validity. 
This paper presents modifications on earlier work to include the effects 
of the slip velocity, possibly occurring at the porous boundary, and to con- 
sider the viscosity of the core-region fluid depending on the viscosity of the 
suspending medium, which is identical to that of the fluid in the peripheral 
layer. WC represent core-region fluid by micropolar fluid in order to 
include microstructural effects i.e., micromotion and rotations, in our 
analysis. This is very important in reference to blood, which consists of 
various types of cells suspended in plasma. Two cases have been con- 
sidered: one when the capillary is in direct communication with the tissue 
and the other through a permeable membrane. 
ANALYSIS 
Case 1 
The basic functional unit considered here (Fig. I ) includes a uniform 
cylindrical capillary of radius R with rigid walls. The cylindrical space 
surrounding the capillary of length L is composed of a tissue (gel) up to the 
radius R,. The system therefore has a constant volume and cannot 
accumulate fluid in the real situation. This condition is equivalent to no net 
flow between neighboring capillaries. 
The complete set of equations governing fluid flow in different regions is 
given below. 
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For the core-region (0 6 r d R), 
~,.$J+v,,]-K, -$-ZK, w 
?V, I? 
,.+-^ (ru, 
(‘2 r (‘1 
For the peripheral-layer (R < r 6 R, ), 
P, i: r(:Vz (‘I, -- - =- 
r, i?r i ?r 1 ’ (72 
(‘1’7 I ? 
;+---(ru2)=0. 
z 
For the tissue region (R, 6 r 6 R,), 
‘, =o 
) = 0. 
(Ial 
(lb) 
(2) 
(3) 
(4) 
(5b) 
where (?p/k and ?j$?z arc the constant pressure gradient in the capillary 
and tissue region, respectively. K,. is the rotational viscosity and 7,. is the 
viscosity gradient of total rotation which are assumed to be zero for Ncw- 
tonian fluid. 
To solve the above system of Eqs. ( 1) (6) the appropriate boundary con- 
ditions in the mathematical form are: 
~(0, r) = po, AL r) = pI., AZ, = A:, R, ), 
c,(O, r) = 0, c,(L, r) = 0, 
C’V, 
u,=o, -=o, 
?r 
II‘, = 0 at r =O, 
u, = u2, 51 = T2, at r=R (7) 
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u3=o, v,=o at r=R, 
where r1 and r2 are stresses. 
The expressions for axial and radial velocities which are obtained as the 
solutions of Eqs. (l)-(6) with boundary condition (7), are: 
1 ap vI= --- 211” 4pv az R:-R’+- 2~0 + Ku 
(8) 
(9) 
4K,v 
(CL, + Ku) 
u2 = - 16~,, a.2 
-i”“[ 1 +p, (;)4-2(f)2-;(8K+f+R,) 
8~0~1 R 2Z,(AR) - ARIo 
bL,+Kv) 7 0 1 r3A3Zo(lR) ’ (11) 
where 
KU 
“=2p,+K,, 
and I 12=K,(2~,+K) 
Y, (A +K) 
The pressure in the porous region is obtained by the solution of Laplace 
equation (obtained from (5) and (6) by using the method of separation of 
variables 
AZ, r) = A + f  c,y,(r) COS(CI,Z), (12) 
n=l 
where 
y,(r) = 
Kl(anR2) Ma,R) + ~l(%&) &(anR) 
Z,(4J2) 
2 
(13) 
rut 
la,=---, 
L 
n = 1, 2, 3 ,..., 
and I,.(.r) and K,(.Y) arc the modified Bessel functions of order v and .A and 
C,, arc constants. 
Using the boundary condition at I’ = H,, 112 = 111 and then integrating WC 
get pressure distribution in the capillary region: 
y(z)= - ~,,~,~%,,,R,~coslr,.7~+D,z+D~ (14) 
!I 
where 
+ $ (8K+* R,)], (15) 
I r 
Z,,(r)= -;; [Y,,(r) I. 
!I 
and D, and D, arc constants. 
The constants A and C,, are evaluated from the cosine Fourier expansion 
of the boundary condition p(Z) = p(Z, R, ). in the interval 0 < %6 L: 
D, I, 
A=-+ D,, 
2 
J 
= D, d,, (16) 
and the constants D, and II2 are evaluated from ~(0, r) = po, p(f., r) = p, . 
D = PI. - PO 
I L+r: ’ 
16KD, * n 
D? = PO + - , ,,F, y ZJR, 1. 
,I 
where 
16KD, I 
f:== c Z,,(R,)[l -(-1)“l. 
I ,,-I 
17) 
181 
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FIG. 2. Basic functional unit with membrane between capillary and tissue layer 
We start with an analysis of the flow in the capillary. The total amount 
of fluid entering the basic functional unit (Fig. I ) per unit time the total 
flow rate is given by 
Q,. = 271 loR rc,(O, r) dr + 2n [“’ rc?(O, r) dr 
-0 
D,R;X 
Q,= -7. 
2 
(19) 
Since fluid is not accumulated in the tissue-region the total filtration rate of 
the system (net volume of fluid transferred to the tissue per unit time) 
defined by Q,, is given by 
Q,,=2TR, f’ ’ u,(Z, R,)dZ=O. 
We started in the rate at which the fluid actually percolates through the 
tissue, and want to calculate the volume of fluid transferred to the tissue 
over that portion of the surface of the capillary where the radial component 
u2 of the fluid is directed outward. Because of the symmetry reasons, this 
corresponds to high pressure in half of the channel through which fluid 
enters the porous tissue, and the quantity of the fluid entering the pores is 
defined by QU and can be written in the form: 
r 1.. 2 
0,=2nR, j u,(Z, R,) dz 
0 
2rrR,KD, .’ = ~ x 
” 
1 d,,Z,(R,) sin?. 
n I 
(21) 
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The ratio between & and the total flow rate Q, is the most important 
parameter of the system which characterizes the filtration efficiency of the 
basic functional unit: 
0 -=s i 6,,Z,,(R,)siny. 
Qt 1 ,,I 
(22) 
Applying the dimensional analysis, we reduce the number of independent 
variables to two by introducing the function Q: 
=$ i Z,,(R,)ii,siny. 
1 II’I 
(23) 
The capillary is in communication with tissue through a membrane. The 
capillary wall consists of three principal layers (the endothelium, the 
basement membrane and the adventitia). The permeability characteristics 
of the dense fibrillar material which builds the basement membrane is a 
continuous structure surrounding the capillary. 
Taking into account the above considerations we have considered a 
model for the capillary-tissue fluid exchange. The tissue surrounding the 
capillary is divided into a thin layer of thickness ( Rz - R,) and per- 
meability K, and a thicker layer of thickness (R, - R,) of permeability K2. 
The equations in the core-region and peripheral-layer are the same as in 
Case 1. The equations in the membrane and tissue-region are given below: 
For the membrane (R, d r d R?). 
(24a) 
(24b) 
(25) 
For the tissue-region (R, 6 r < R,), 
(26a) 
(26b 
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(27) 
Following the same procedure as the previous case and using the 
appropriate boundary conditions one gets pressures in the membrane and 
tissue region, respectively: 
p,(;, r) = M+ f AkR,,(r) cos(a,Z), 
)I 7 I 
(28) 
PAZ, r) = M+ i Ai,R,,(r) cos(a,Z), 
nrl 
(29) 
where 
RG, = I (a1 R ) [Kl(a,R3) Mr,,r)+ Kdr,r) I,(GR,)I, I n 3 
4, = Ida,R,) 
K,(r,R3) 
I (a R ) +&,(GR~) 3 
I n 3 1 
e, = K,(T,R~) I,(a,,R,) I,(r,R,) - K,(a,,Rz) . I 
Pressure distribution in the capillary region is found to be: 
i $ RL,( R,) cos(a,,Z) + B, Z + B, (30) 
n I 
where B, and B, are constants. 
Finally the filtration efficiency Q in this case gives us: 
Q= -Fx 
I 
f d,R&(R,) sin:. 
n= I 
Values of constants involved in the exression are given in the Appendix. 
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Using the following parametric values, K= 10 ” cm’, p. = 35 mmHg. 
p, = I5 mmHg, R = 40pm. R, = 50pm, R, = 250pm, 1, = 5OOLtm, 1(, = 1.2 
cp. K, = 0.98~~ and ;‘, = 12 x 10 ’ gm cmisec.. filtration efficiency Q and 
filtration Q,, arc numerically calculated to see the effect of different 
parameters on it. 
Table I shows that the slip parameters play a very important role. 
Results show that in the presence of slip velocity filtration efficiency is 
reduced considerably while Apelblat. Katziv-Kutchalsky, and Silborberg 
[ 171 have shown that the slip velocity does not affect the filtration 
efficiency. 
Figure 3 shows that if we increase the peripheral-layer viscosity (plasma 
viscosity) filtration efficiency goes on decreasing while the results of 
Apelblat, Katziv Kutchalsky, and Silborberg [ 171 show the fluid viscosity 
does not affect the filtration efficiency. 
Figure 4 shows that initial the filtration rate increases with the increase 
in the tissue-region thickness and that after that it becomes almost con- 
stant. If we change the ratio LIR, then the filtration rate increases with the 
increase in the ratio identical with the result of Apelblat. Katziv 
Kutchalsky, and Silborberg [ 171. 
Figure 5 shows the effect of L/R, and R2jR, on the filtration efficiency. 
As we change the ratio R,;‘R, filtration efficiency increases rapidly but after 
that it becomes almost constant. 
Expression of filtration rate is calculated by using the numerical values of 
parameters K, = 10 “cm’. K,= 10 I4 cm’, R, = 50.1 pm, R, = 250pm. 
and all other parameters also mentioned in the previous case. Figure 5 
shows that the filtration rate decreases with the increase in the membrane 
TABLE I 
Variation of Filtration Eflicienq with 
Velocity Slip Occurring at the Porous Surf&c 
Q 20 25 30 35 
Q (with slip) 678.506 770.655 822.063 852.883 872.576 
Q (without slip) 679.123 771.351 822.8 I I 853.659 873.371 
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FIG. 3. Variation of filtration efficiency with peripheral layer viscosity for different values 
of the length. 
10 
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FIG. 4. Flux in tissue cylinder as a function of the tissue thickness. 
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FIG. 5. Filtration eflicicnc) as a function of RgR,. 
thickness while keeping other parameters fixed. If we change the per- 
meability of the membrane filtration rate decreases as the permeability K, 
decreases or ratio K,!K, increases. 
APPENDIX 
The constants M and AL are evaluated from the cosine Fourier expan- 
sion by using the boundary condition p(Z) = p(Z, R, ) in the interval 
B,L 
M=-+ B,, 
2 
,,=2B[(-l)“-Il 
’ r,,L(A, + r,, B,) 
= B, s,, 
where 
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.----- - ? 
I 
FIG. 6. Flux in the tissue cylinder as a function of membrane thickness with the relative 
permeability of a parameter. 
and the constants B, and B, are evaluated. Using the condition ~(0, r) = 
PO. P(k r) = PL: 
B, = PI. -Po 
L+r: ’ 
B, = p. + B, f f$” 
,I i , n 
E= c z f$y(l -(-I)“]. 
n I *I 
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